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Abstract
The transmission of a connected graph G is de0ned as the sum of all distances in G. A lower
bound for the transmission, which can be regarded as a generalization of the Moore bound, was
derived by Cerf et al. Graphs with a transmission attaining this bound are called generalized
Moore graphs. Using techniques founded on Cayley graphs, we constructed vertex-symmetric
generalized Moore graphs.
? 2003 Elsevier B.V. All rights reserved.
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1. Preliminaries
We consider graphs G that are 0nite, simple, undirected and connected. The vertex
and the edge sets are denoted by V (G) and E(G), respectively. The order of the graph
is de0ned by n(G) = |V (G)|. The distance d(v; w) is de0ned for v; w∈V (G) as the
number of edges on a shortest path from v to w. The degree of a vertex v is de0ned as
the number of neighboring vertices, denoted by 	(v). The maximum degree is denoted
by :(G) = maxv∈V (G) 	(v). A graph with all vertices having the same degree 	 is
called 	-regular. The diameter of a graph is de0ned as the maximal distance between
vertices:
D(G) = max
v;w∈V (G)
d(v; w):
Its transmission is de0ned as the sum of all distances:
(G) =
∑
v;w∈V (G)
d(v; w):
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2. Motivation
Graphs with small distances between the vertices are relevant to the design of com-
munication networks with high bandwidth and small latency: backbone networks for
Internet service providers, telecommunication networks with multimedia support, inter-
nal structures of routers and switches, architectures of parallel and distributed systems,
etc. Because of technical and economical reasons each component of the network can
only be connected to a limited number of further components. The diameter of a net-
work is a clue for the slowest communication between network components, which is
often regarded as the bottleneck for parallel or distributed algorithms. The transmission
of a network is an indicator for the speed of an average communication, thus it can
be interpreted as a general quality measure.
The question about the maximal order n(:; D) of a graph with maximum degree
: and diameter D is classical in extremal graph theory [3]. It is a well-known result
(Moore bound) that
n(:; D)6 nMoore(:; D) = 1 +:
D∑
i=1
(:− 1)i−1:
The equality n(:; D)= nMoore(:; D) is satis0ed only for the (:; D)-pairs (:; 1) (com-
plete graphs), (2; D) (circles of odd order), (3; 2) (Petersen graph), (7; 2) (HoHman–
Singleton graph [14]), and probably for (57; 2) [2]; the existence of such a graph with
nMoore(57; 2) = 3250 vertices is still unclear. These graphs are called Moore graphs.
Besides, only very little is known about the values of n(:; D). Buset [4] surveyed the
recent results and Comellas [12] maintains a table of lower bounds for n(:; D).
Analogously to the question above, one can ask for the smallest transmission (n;:)
of a graph with order n and maximum degree :. Cerf et al. [9] proved a lower bound
for the smallest transmission ∗(n;:) of a :-regular graph of order n:
∗(n;:)¿ 0(n;:) = n
(
:
k−1∑
i=1
i(:− 1)i−1 + kR
)
;
where
R= n− nMoore(:; k − 1)¿ 0
and k is the largest integer such that the last inequality holds. Dankelmann [13] gen-
eralized this result and showed that (n;:)¿ 0(n;:).
The equality (n;:) = 0(n;:) is obviously satis0ed for the (n;:)-pairs of Moore
graphs. Consequently, Cerf et al. [8] introduced for a graph G with
(G) = 0(n(G);:(G))
the term generalized Moore graph. In subsequent articles [10,11] the authors con-
structed all three-regular generalized Moore graphs up to 16 vertices. Buskens et al.
[5–7] constructed all four-regular generalized Moore graphs up to 13 vertices.
In practice we are interested in larger graphs. Furthermore, vertex-symmetry is a
fundamental virtue in the design of interconnection networks for parallel architectures,
M. Sampels / Discrete Applied Mathematics 138 (2004) 195–202 197
0
20000
40000
60000
80000
100000
120000
140000
160000
0 20 40 60 80 100 120 140
tra
ns
m
is
si
on
 (s
igm
a)
order (n)
best Cayley graph with Delta = 3
lower bound for Delta = 3
0
20000
40000
60000
80000
100000
120000
140000
0 20 40 60 80 100 120 140
tra
ns
m
is
si
on
 (s
igm
a)
order (n)
best Cayley graph with Delta = 4
lower bound for Delta = 4
Fig. 1. Smallest transmission of all 3- or 4-regular Cayley graphs of groups with order 6 150.
Table 1
Vertex-symmetric generalized Moore graph with  = 0(60; 3) = 13 020 (0rst type)
0: 3 15 47; 20: 45 55 1; 40: 17 21 30;
1: 6 20 31; 21: 44 13 40; 41: 16 54 53;
2: 9 25 28; 22: 23 14 48; 42: 43 6 39;
3: 0 26 37; 23: 22 27 36; 43: 42 17 26;
4: 46 39 24; 24: 13 4 32; 44: 21 47 7;
5: 14 30 12; 25: 59 34 2; 45: 20 56 51;
6: 1 10 42; 26: 50 43 3; 46: 4 57 56;
7: 51 44 8; 27: 49 18 23; 47: 48 0 44;
8: 18 7 38; 28: 29 2 52; 48: 47 22 10;
9: 2 36 17; 29: 28 32 19; 49: 27 31 11;
10: 54 48 6; 30: 53 40 5; 50: 26 58 35;
11: 35 49 13; 31: 52 1 49; 51: 7 45 58;
12: 34 5 55; 32: 33 24 29; 52: 31 28 15;
13: 24 11 21; 33: 32 37 16; 53: 30 41 57;
14: 5 19 22; 34: 12 38 25; 54: 10 59 41;
15: 57 52 0; 35: 11 50 59; 55: 37 12 20;
16: 41 33 18; 36: 56 23 9; 56: 36 46 45;
17: 40 9 43; 37: 55 3 33; 57: 15 53 46;
18: 8 16 27; 38: 39 8 34; 58: 19 51 50;
19: 58 29 14; 39: 38 42 4; 59: 25 35 54.
because it guarantees feasible routing schemes [15]. Therefore, we consider the problem
of constructing larger generalized Moore graphs that are vertex-symmetric.
3. Construction
With methods founded on Cayley graphs, it was possible to construct graphs that
are not only vertex-symmetric, but that also have a small diameter [16]. Therefore, we
use Cayley graphs as a search space for vertex-symmetric generalized Moore graphs.
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Table 2
Vertex-symmetric generalized Moore graph with  = 0(60; 3) = 13 020 (second type)
0: 3 13 47; 20: 35 5 48; 40: 55 25 10;
1: 5 12 45; 21: 30 9 53; 41: 56 26 9;
2: 4 14 46; 22: 31 11 52; 42: 51 31 4;
3: 0 18 44; 23: 32 10 51; 43: 52 30 5;
4: 2 19 42; 24: 12 39 32; 44: 53 32 3;
5: 1 20 43; 25: 14 40 30; 45: 57 34 1;
6: 10 15 38; 26: 13 41 31; 46: 59 33 2;
7: 9 16 37; 27: 15 36 35; 47: 58 35 0;
8: 11 17 36; 28: 17 37 33; 48: 37 51 20;
9: 7 21 41; 29: 16 38 34; 49: 36 53 19;
10: 6 23 40; 30: 21 43 25; 50: 38 52 18;
11: 8 22 39; 31: 22 42 26; 51: 42 48 23;
12: 24 1 59; 32: 23 44 24; 52: 43 50 22;
13: 26 0 57; 33: 18 46 28; 53: 44 49 21;
14: 25 2 58; 34: 19 45 29; 54: 39 58 16;
15: 27 6 56; 35: 20 47 27; 55: 40 57 17;
16: 29 7 54; 36: 49 27 8; 56: 41 59 15;
17: 28 8 55; 37: 48 28 7; 57: 45 55 13;
18: 33 3 50; 38: 50 29 6; 58: 47 54 14;
19: 34 4 49; 39: 54 24 11; 59: 46 56 12.
Table 3
Vertex-symmetric generalized Moore graph with  = 0(24; 4) = 1 176
0: 8 14 12 17; 8: 5 0 10 13; 16: 13 9 11 14;
1: 14 4 2 21; 9: 16 21 23 22; 17: 19 2 0 20;
2: 17 23 13 1; 10: 7 19 21 8; 18: 6 13 19 15;
3: 22 20 14 6; 11: 15 12 5 16; 19: 10 17 22 18;
4: 1 5 20 7; 12: 11 22 7 0; 20: 3 15 17 4;
5: 4 8 6 11; 13: 18 16 8 2; 21: 9 6 1 10;
6: 21 18 3 5; 14: 0 1 16 3; 22: 12 3 9 19;
7: 23 10 4 12; 15: 20 11 18 23; 23: 2 7 15 9.
Let J be a 0nite group and S be a symmetric generator set of J, i.e. 〈S〉 = J,
s∈ S ⇒ s−1 ∈ S and 1J ∈ S. The Cayley graph CS(J) is de0ned by V (CS(J))=J and
E(CS(J)) = {{g; h} | g−1h∈ S}.
A graph G is vertex-symmetric if the group of graph automorphisms A(G) acts tran-
sitively on V (G), i.e. for any two vertices v; w∈V (G) there is a graph automorphism
∈A(G) with v = w. Cayley graphs are vertex-symmetric [2].
Besche and Eick [1] constructed all groups up to order 1 000 except 512 and 768.
This catalog can be used for an exhaustive search for generalized Moore graphs in the
class of Cayley graphs, which we realized up to order 150. In order to speed up the
calculation the following observation is useful: a group-automorphism on J induces a
graph-automorphism on its Cayley graphs.
Let  be a group-automorphism on J. The set of all group-automorphisms on J is
denoted by A(J). For a symmetric generator set S of J we de0ne S={s | s∈ S}. The
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Table 4
Vertex-symmetric generalized Moore graph with  = 0(26; 4) = 1 430
0: 1 3 7 19; 9: 18 20 24 10; 18: 9 11 15 1;
1: 0 2 6 18; 10: 17 19 23 9; 19: 8 10 14 0;
2: 25 1 5 17; 11: 16 18 22 8; 20: 7 9 13 25;
3: 24 0 4 16; 12: 15 17 21 7; 21: 6 8 12 24;
4: 23 25 3 15; 13: 14 16 20 6; 22: 5 7 11 23;
5: 22 24 2 14; 14: 13 15 19 5; 23: 4 6 10 22;
6: 21 23 1 13; 15: 12 14 18 4; 24: 3 5 9 21;
7: 20 22 0 12; 16: 11 13 17 3; 25: 2 4 8 20.
8: 19 21 25 11; 17: 10 12 16 2;
Table 5
Vertex-symmetric generalized Moore graph with  = 0(27; 4) = 1 566
0: 1 19 5 17; 9: 14 11 21 26; 18: 2 5 7 6;
1: 4 0 10 15; 10: 16 21 22 1; 19: 0 14 2 12;
2: 13 18 20 19; 11: 9 6 16 25; 20: 17 22 4 2;
3: 6 4 13 23; 12: 26 15 19 16; 21: 10 8 17 9;
4: 3 1 8 20; 13: 24 2 26 3; 22: 20 26 6 10;
5: 18 16 23 0; 14: 19 9 24 7; 23: 15 25 3 5;
6: 11 3 18 22; 15: 12 23 1 24; 24: 8 13 15 14;
7: 25 17 14 18; 16: 5 10 12 11; 25: 23 7 11 8;
8: 21 24 25 4; 17: 7 20 0 21; 26: 22 12 9 13.
Table 6
Vertex-symmetric generalized Moore graph with  = 0(30; 4) = 2 010
0: 1 5 7 28; 10: 25 2 21 1; 20: 5 11 2 24;
1: 0 3 10 29; 11: 14 20 22 15; 21: 24 28 17 10;
2: 4 10 12 20; 12: 29 9 8 2; 22: 13 19 29 11;
3: 23 1 13 6; 13: 22 27 24 3; 23: 3 8 4 26;
4: 2 7 15 23; 14: 11 17 25 18; 24: 21 26 20 13;
5: 20 0 16 9; 15: 28 6 11 4; 25: 10 16 6 14;
6: 9 15 3 25; 16: 19 25 26 5; 26: 18 24 23 16;
7: 27 4 18 0; 17: 8 14 27 21; 27: 7 13 9 17;
8: 17 23 19 12; 18: 26 29 14 7; 28: 15 21 0 19;
9: 6 12 5 27; 19: 16 22 28 8; 29: 12 18 1 22.
Cayley graphs CS(J) and CS(J) are isomorphic, since V (CS(J))=V (CS(J))=J and
{v; w}∈E(CS(J))⇔
∨
s∈S
vs= w ⇔
∨
s∈S
vs = w ⇔
∨
t∈S
vt = w
⇔{v; w}∈E(CS(J)):
Thus, for the calculation of all :-regular Cayley graphs of a group J it suKces to
check only one representative per each orbit that A(J) induces on the set of symmetric
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Table 7
Vertex-symmetric generalized Moore graph with  = 0(84; 4) = 21 840
0: 6 71 29 81; 28: 48 9 72 23; 56: 1 60 17 74;
1: 13 56 37 70; 29: 50 23 74 0; 57: 76 74 19 36;
2: 16 5 41 83; 30: 63 10 62 4; 58: 82 61 8 50;
3: 18 83 43 60; 31: 37 4 36 68; 59: 65 50 64 37;
4: 31 79 30 73; 32: 52 36 75 51; 60: 56 40 3 55;
5: 2 64 21 77; 33: 54 51 77 13; 61: 58 55 78 16;
6: 24 0 49 78; 34: 67 37 66 26; 62: 70 41 69 30;
7: 26 78 51 44; 35: 41 26 40 14; 63: 45 30 44 17;
8: 39 68 38 58; 36: 32 16 57 31; 64: 5 44 25 59;
9: 28 13 53 27; 37: 34 31 59 1; 65: 80 59 27 20;
10: 30 27 55 71; 38: 47 17 46 8; 66: 83 45 15 34;
11: 43 14 42 80; 39: 21 8 20 75; 67: 72 34 71 21;
12: 17 80 16 72; 40: 60 20 79 35; 68: 8 81 31 48;
13: 9 1 33 82; 41: 62 35 81 2; 69: 19 72 18 62;
14: 11 82 35 52; 42: 74 21 73 11; 70: 75 62 1 49;
15: 23 75 22 66; 43: 49 11 48 3; 71: 0 52 10 67;
16: 36 2 61 12; 44: 64 48 7 63; 72: 69 67 12 28;
17: 38 12 63 56; 45: 66 63 82 24; 73: 78 53 4 42;
18: 51 3 50 69; 46: 77 49 76 38; 74: 57 42 56 29;
19: 25 69 24 57; 47: 53 38 52 25; 75: 15 70 39 32;
20: 40 24 65 39; 48: 44 28 68 43; 76: 27 57 26 46;
21: 42 39 67 5; 49: 46 43 70 6; 77: 79 46 5 33;
22: 55 25 54 15; 50: 59 29 58 18; 78: 7 73 6 61;
23: 29 15 28 79; 51: 33 18 32 7; 79: 4 77 23 40;
24: 20 6 45 19; 52: 71 32 14 47; 80: 12 65 11 54;
25: 22 19 47 64; 53: 73 47 83 9; 81: 68 54 0 41;
26: 35 7 34 76; 54: 81 33 80 22; 82: 14 58 13 45;
27: 10 76 9 65; 55: 61 22 60 10; 83: 3 66 2 53.
generator sets of cardinality :. The transmission (CS(J)) can be calculated by the
following algorithm:
T0 := {1J}; k:= 0;
while
⋃k
i=0 Ti = J do
k := k + 1;Tk := ∅;
for t ∈Tk−1 do
for s∈ S do
if ts ∈ ⋃ki=0 Ti then Tk := Tk ∪ {ts}; 0;
od;
od;
od;
 := |J| ·∑ki=0 i · |Ti|.
The algorithm is a breadth-0rst search strategy that constructs sequentially the dis-
tance sets Ti = {v∈V (CS(J)) |d(1J; v) = i}. As CS(J) is vertex-symmetric, it suKces
to compute the distance sets for a single root-vertex 1J. Thus, the transmission can be
calculated by the given formula.
M. Sampels / Discrete Applied Mathematics 138 (2004) 195–202 201
4. Results
We analyzed all three-regular Cayley graphs of order {4; 6; : : : ; 150} and all four-
regular Cayley graphs of order {5; : : : ; 150}. For each order the smallest transmission
that was discovered is depicted in Fig. 1.
It is possible to construct a lot of graphs that are very close to 0. In particular,
we found vertex-symmetric generalized Moore graphs for the (n;:)-pairs (4; 3); (6; 3);
(8; 3); (60; 3) and (5; 4); : : : ; (13; 4); (24; 4); (26; 4); (27; 4); (30; 4); (84; 4). The smaller
graphs are already listed in the censuses [5–7,10,11], therefore we present in the
following Tables 1–7 only the adjacency lists for the pairs printed in bold face.
Note that there are two non-isomorphic vertex-symmetric generalized Moore graphs
for (60; 3).
As all known Moore graphs are vertex-symmetric, it is interesting that most of
the generalized Moore graphs with 36:6 n − 2 discovered by other authors are
not vertex-symmetric. Only very few non-trivial vertex-symmetric generalized Moore
graphs are known. The graphs constructed here are the largest known graphs in this
class. It is an open problem, whether the class of non-trivial vertex-symmetric gener-
alized Moore graphs is 0nite.
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